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Dynamics of Delaminated Composite Plates
with Piezoelectric Actuators

Aditi Chattopadhyay,* Haozhong Gu," and Dan Dragomir-Daescu*
Arizona State University, Tempe, Arizona 85287-6106

A refined higher-order-theory-based finite element model is developed for modeling the dynamic response of
delaminated smart composite plates. The theory assures an accurate description of displacement field and the
satisfaction of stress-free boundary conditions at all free surfaces including delamination interfaces. A nonlinear
induced strain model is used. Vibration control is obtained through piezoelectric layers bonded on the composite
plate. The theory is implemented using a finite element technique, which allows the incorporation of practical
geometries and boundary conditions, various sizes, and locations of delaminations, as well as discrete sensors and
actuators. The resulting model is shown to agree well with published experimental data. Significant changes in
dynamic properties are observed due to the presence of delamination.

Nomenclature
a = plate length
b = plate width
c" = midplane positions for different regions
D = electric displacement matrix
d = strain coefficient matrix
dr = local region thickness
E = electric field intensity
F = external force vector
F, = piezoelectric force vector
h = plate thickness
hy = delamination position
i = current
K = global stiffness matrix
K¢ = element kinetic energy
M = global mass matrix
P = dielectric permittivity matrix
0. 0 = stiffness matrices
qx = electric charge
S = interface between undelaminated and
delaminated regions
T* = transformation matrix
U¢ = element strain energy
U, v, W =displacementfield functions
u",v",w"  =midplane displacements
u", ut = nodal generalized displacement vector in
undelaminated and delaminated regions
we = element work done
B = delamination length
B = strain vector
I1 = total potential energy
o = stress vector
oYy = supplementary rotation functions
Q“, Q¢ QP =undelaminated, above, and below delamination

regions, respectively

I. Introduction

MART composite materials offer the potential for designing
structures that are lightweight and possess adaptive control
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capabilities for shape correction and vibration control. In designing
with composites, one must take into consideration imperfections,
such as delamination, that are often preexisting or are generated
by external impact forces during the service life. The existence
of delamination can significantly alter the dynamic response of
smart composite structures. Several mathematical models have
been reported in the literature for the analysis of beams and
plates with piezoelectric sensing/actuation. The classical-theory-
based approach? was first introduced to investigate such problem
with thin beams. This was followed by the first-order Mindlin type
analyses® and the expensive layerwise theories* A hybrid theory
has also been reported? It is well known that refined higher-order
theories are capable of capturing the transverse shear deformation
through the thickness quite accurately® These theories are applica-
ble for laminates of thicker construction and have been shown to
be useful in modeling smart composite laminates.! Finite element-
based solution procedures’"’ are practical because real geometries
and boundary conditions can be investigated.

A significant amount of research has also been performed in
modeling delaminationin composites. Although three-dimensional
approaches® are more accuratethan two-dimensionaltheories,’ their
implementation can be very expensive for practical applications.
The layerwise approach'® is an alternative because it is capable of
modelingdisplacementdiscontinuities.However, the computational
effort increases with the number of plies. A refined higher-order
theory, developed by Chattopadhyay and Gu,’ was shown to be
both accurate and efficient for modeling delaminationin composite
plates and shells of moderately thick construction. This theory has
also been shown to agree well with both elasticity solutions'! and
experimental results.!?

Preliminary research!® has also been conducted on the use of
smart materials for detecting preexisting delamination. However,
the mathematical models used in these works are simply classical-
theory-based approaches, which exclude the transverse shear ef-
fects. The importance of transverse shear deformation in composite
laminates has been identified by many researchers. Deviations in
structural response of as much as 50% have been reported in thick
constructions$' ! Recently, Seeley and Chattopadhyay'* introduced
the higher-ordertheory in the analysis of adaptive composite plates
in the presence of debondingbetween the laminate and the actuator.
It was shown that the presence of debonding significantly changes
the dynamic response.

The objective of the current research is to develop a mathemati-
cal model for the dynamic analysis of delaminated smart composite
laminates using a refined higher-order theory. The theory is imple-
mented using the finite element approach. The model also carefully
accounts for the distributed nature of discrete delaminations,actua-
tors, and sensors in the primary structure. Because the relationships
between the induced strain due to actuation and the applied elec-
tric field are nonlinear in nature,'> a nonlinear analytical induced
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strain formulation is used in the currentresearch.!® A control algo-
rithm is implemented for vibration reduction of delaminated smart
composite plates.

II. Mathematical Formulation

A refined higher-order theory is extended to model dynamics of
smart composite laminates in the presence of delaminations. The
details of the formulation are presented in this section.

A. Higher-Order Displacement Field

A general higher-order displacement field is extended to model
composite plates with induced strain actuation due to piezoelectric
materials (Fig. 1). The in-plane displacements are assumed to be
effectively expressed by a cubic function through the thickness z,
and the transverse displacementis assumed to be independentof z.
To model delaminationin such structures, it is necessary to partition
the laminate into several differentregions as shown in Fig. 2. These
regions include the undelaminated region 2“, the region above the
delamination ¢, and the region below the delamination Q2°. The
interface between the undelaminated region and the delaminated
region, indicated by the dashed line in Fig. 2, is denoted S. The gen-
eral form of the higher-orderdisplacementfield is independentlyap-
plied to each of these regionsto describe displacementsthat account
for slipping and separation due to the delamination. This general
form does not satisfy the stress-freeboundary conditions. Applying
the traction-free boundary condition at the top and bottom surfaces
of the plate (z==%h/2) as well as on the delamination interface
(z=h,) in the delaminated region, a refined displacement field can
be obtained:

r r r r awr('x’y)
U'lx,y,2) =u (x,y)+(z—6)[t/fx(x,y)—8—x]
4 _ ~r)\3
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Fig.2 Laminate cross section.

where U, V, and W are the in-plane and out-of-planedisplacements
atapoint(x, y, 2); ¥, and ¥, representthe midplanerotations. The
superscript r corresponds to either the undelaminated region u or
the regions above and below the delaminationa and b, respectively.

B. Constitutive Relations

For an anisotropic elastic body, the constitutive relations among
the stress, strain, charge, and electric field can be derived from the
electric enthalpy density function as follows:

H(é‘ij, E) = %Cijklgijgkl - eijkEiSjk - %kijEiEj ?2)

where ¢;; and E; are componentsof the straintensorand electric field
vector, respectively,and ¢; i, €;jx, and k;; are the elastic, piezoelec-
tric, and dielectric permittivity constants, respectively. The stress
and charge are then determined as

oH oH

D= ——, ij =T 3
8Ei i 88,‘]' ( )

For an orthotropic composite plate with piezoelectric layers, the
constitutive relationships can be written as follows'!4:

&k = Qk (ék —dEy), D, = dkTQkék — PE; “
where

or=1[o. oy Ty, Ty rxy]kT

ge=lex & Ve Yo Voll

(5)
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In the preceding equations,o and & denote the stress and the me-
chanical strain in the material coordinates, respectively. According
to Crawley and Lazarus,'® the coefficients d;; depend on the actual
strain in the actuator as well. However, due to the weak nonlinear-
ity, they can be rewritten using first-order Taylor series expansion
as follows:

dij = dij(e;) = d), +dle; + 3d}e + - =d) +dle;  (6)

The coefficients dg. and dl.lj can be identified using functional
relationships of the strain vs the electric field obtained from the
experimental data of an unconstrained piezoelectric actuator.

C. Continuity Conditions

Additional continuity conditions must be imposed to ensure the
continuity of displacements at the interface of the undelaminated
and the delaminated regions S as shown in Fig. 2. The continuity
conditionsat the interface of the undelaminatedand the delaminated
regions are imposed as follows:

U =0, Ve =ve, Wt = we
xeS ()

U+ =U’, Ve =V, we = wb
The relations of displacementfields defined in differentregions at
region interface S can now be derived in the following matrix form:

u’f =Tku?, k=a,b (8)



250 CHATTOPADHYAY, GU, AND DRAGOMIR-DAESCU

D. Control Equations

Because piezoelectric sensors can accurately detect strain rate
when they are connected with a current amplifier and proportional
feedback is the simplest to apply for structural vibration control,
a piezoelectric sensor model is developed here for monitoring the
proportionalvariablesthatare necessary for control feedback. When
the kth piezoelectric sensor layer is deformed, it accumulates an
electric charge on its surface electrode, which is given by

qk(t)=//Dkdsz=//Qdékdsz )
Adz Adz

The current developed from the electric charge is obtained by
differentiating the charge equation [Eq. (9)] with respect to time:

ik(t)=qk(t)=//Q[d(é)é+d'(é)é]dsz (10)
Adz

In designing a control law using the Lyapunov direct method,
the structural stability in the Lyapunov sense is guaranteed if the
feedback actuator voltage is selected as

E (t) =Gi(t) = G//Qk[d(é)é +d(e)e]dz dA (11)
Adz

with gain G > 0. The collocated sensor-actuator was used in this
research. It is assumed that the energy stored in the electric field in
the sensoris small enough compared with the actuator, and its effect
can be neglected.

III. Finite Element Implementation

The finite element methodis used to implement the refined higher-
ordertheorybecauseit allows for the analysisof practical geometries
and boundary conditions. The finite element equations are derived
using the discretized form of Hamilton’s principle, which is stated
as follows:

ty Ne
51‘1:/ D 8K — 8U° +8W<]dt =0 (12)
1

e=1

where #; and #, are the initial and the final times, respectively, and
6K°,8U°, and §W* representthe elemental variationsin the kinetic
energy, the strainenergy,and the work done, respectively.The global
finite element equations of motion are then expressed as follows:

Mii+Ku=F + Fp (13)

A 16-termpolynomial shape functionis used for interpolatingthe
out-of-planedisplacements w, whereas bilinear shape functions are
used for the other unknown functions («, v, ¥, and ).

IV. Results and Discussions

Numerical results are presented first to compare the higher-order
theory with published experimental results to validate its accuracy.
Next,dynamicresponseand vibrationcontrolusing piezoelectricac-
tuation are presented for a cantilever composite plate with varying
delamination lengths. The results are presented for [0 deg/90 deg/
0 deg/90 deg], graphite/fepoxy laminates with surface bonded piezo-
electric actuator pairs. The material properties used for the smart
composite plate are listed in Table 1, where E is Young’s modulus
and v is Poisson’s ratio. Plates with length a =0.127 m, thickness
h=0.001016m, and width b = 0.0127 m are considered. The piezo-

Table1 Material properties

Property Graphite/epoxy PZT
E,, GPA 134.4 63
E>, GPA 10.3 63
Via 0.33 0.33
G12, G13, GPA 5 242
Ga3, GPA 2 242
p, x10° kg/m? 1.477 7.6
dy, x10712 m/V — 24.7
di, x1077 m/V — 8.38

Table2 First natural frequency
for delamination along the midplane

Delamination Experiment Current higher-
length, mm (average), Hz order theory, Hz
0 79.833 82.119
254 78.168 80.056
50.8 75.375 75.620
76.2 66.958 67.142
91.6 57.542 57.813

electric actuator-sensor pairs have dimensions of L, =0.0127 m,
h,=0.000254m, and b, = 0.0127 m, located at different positions
(see Fig. 1).

The results from the current approach are compared with exper-
imental data obtained by Shen and Grady'? as show in Table 2.
Delamination lies on the midplane of the plate and starts from the
clamped end. The natural frequencies obtained from the higher-
order-theory-based finite element approach show good correlation
with experimental data, especially in the delaminated case. This
indicates that the higher-order-theory-bsed model provides an ef-
fective tool for modeling delamination.

The effect of closed-loop control due to piezoelectric actuation
is investigated. The plate is released from an initially bent posi-
tion, which is produced by a piezoelectric actuation due to 127 V.
Three collocated sensor-actuator pairs are located at the top and
bottom surfaces of the plate (Fig. 1). The three pairs of sensor-
actuators are evenly located along the plate length, and the control
gain for this example is selected as 1000. The internal structural
damping is assumed to be 0.5% of critical damping for each normal
coordinate. Figures 3a and 3b present the dynamic responses of un-
delaminated smart composite plates with and without closed-loop
control, respectively. It is seen that the actuators effectively damp
out the plate vibrations with the use of the closed-loop control.
The dynamic responses of the delaminated smart composite plate
are also presented in Figs. 3c and 3d for cases with and without
feedback control, respectively. The same plate geometry and initial
conditions are used as in the undelaminated case. Multiple through-
the-width delaminations are assumed to be located on the midplane
at distances 0.01905, 0.03175, 0.04445, and 0.05715 m measured
from the clamped edge. The length 8 (nondimensionalizedwith re-
spect to plate length) of each delaminationis assumed to be 0.05. A
comparison of Figs. 3b and 3d indicates that the control authority
is weakened due to the presence of delaminations. In other words,
vibration is being damped out at a slower rate in the presence of
delaminations.

The first two bending modes of vibrations are presented in
Figs. 4a and 4b for both the undelaminated and the delaminated
cases. In this study a single through-the-width delamination of
length 0.05 is placed on the midplane startingat 0.03175 m from the
clamped edge. For such a small delamination, it is observed that the
classical mode shapes (Figs. 4a and 4b) remain almost unchanged.
However, the longitudinal strains correspondingto these modes, as
shown in Figs. 5a and 5b, indicate clear differencesbetween the un-
delaminated and the delaminated cases. This indicates that strains
are a more sensitive measure of delamination and can be used as
an effective parameter in detecting small delaminations in com-
posites. For multiple delaminations, however, the mode shapes are
significantly influenced due to an overall loss of rigidity in the plate
(Figs. 6a and 6b).

Figures 7a-7c present the variation of natural frequencies with
respect to aspect ratio a/h. The first natural frequency is highly
overestimated by the classical theory (Fig. 7a), especially for thick
plates, whereas the first-order and the higher-order theories are in
good agreement. Larger differences between the theories are ob-
served in Figs. 7b and 7c¢ for the second bending and the first tor-
sional natural frequencies, respectively. Even the first-order theory
overpredicts these frequencies. The natural frequencies from the
higher-ordertheory are smaller, as expected, because the transverse
shear deformation is better approximated in this theory. These re-
sults indicate that it is necessary to include an accurate description
of the transverse shear stresses that are importantin composites due
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to the large ratio between Young’s moduli and the shear moduli.
The transverse shear effects increase with plate thickness, resulting
in larger deviations between the theories as a/ h reduces.

Finally, the results of the present theory are compared with those
obtained using classical laminate theory and the first-order theory
for a delaminated plate with aspect ratio a/h = 15.7. It is assumed
that a single through-the-width delamination of variable length g
is located at midplane and is placed symmetrically with respect to

plate length. Figures 8a-8c present the variations of some natural
frequencies of the plate with changes in the delamination length .
Again, for the first natural frequency, the first-order theory slightly
overestimatesthe value, whereas the classical theory shows a signif-
icant deviation (Fig. 8a). The differencesare more evidentin higher
natural frequencies (Figs. 7b and 7c). The higher-ordertheory once
again yields the smallest values because of a more accurate repre-
sentation of the transverse shear deformation. It is seen that the



252

CHATTOPADHYAY, GU, AND DRAGOMIR-DAESCU

Delamination zone

0.8 O Undelaminated
.% O Delaminated
% 0.6-
©
c
£
2
5 0.4
=4
[e]
-

0.2

0 T T T T T Y 1

0 20 40 60 80 100 120 140

Plate span (mm})

a) Longitudinal strain, first mode of vibration

O Undelaminated

o Delaminated
0.5

Delamination zone

0

Longitudinal strain

-0.5

0 210 4IO 6'0 Bb 160 12|0 1)10
Plate span (mm)

b) Longitudinal strain, second mode of vibration

Fig. 5 Longitudinal strain distribution for the first two modes of vibration.

O Undelaminated

0.8 O Delaminated

Deflection

Delamination zone

T T T T T T 1
0 20 40 60 80 100 120 140
Plate span (mm)

a) First mode of vibration

1.2 -
O Undelaminated

0.8 4 o Delaminated
_5 0.4+
k]
= Delamination zone
5 e
3 035

-0.4 -

-0.8

T T T T T T 1
0 20 40 60 80 100 120 140
Plate span {mm)

b) Second mode of vibration

Fig. 6 Modes of vibration, multiple delaminations.

1050 —
0O Classical
900
A First order

750 ~

O Higher order

600

450

Natural frequecy (Hz)

300 —

150

T T T T 1
5 15 25 35 45 55 65
Length to thickness ratio, ash
a) First bending natural frequency

6000 —

5000

4000

3000

Natural frequency (Hz)

2000 +

6000
0 Classical

¥ 5000 ~ & First order
2> .
§4000— © Higher order
3
[=
o
*+ 3000 -
[
2
2 2000 -

1000 I T T

T T
5 15 25 35 45 55 65
Length to thickness ratio, a/h

b) Second bending natural frequency
O Classical
& First order

O Higher order

1000 —
5 15 25

T T T 1
35 45 55 65

Length to thickness ratio, a/h

c¢) First torsional natural frequency

Fig.7 Variation of natural frequencies with length-to-thickness ratio.



CHATTOPADHYAY, GU, AND DRAGOMIR-DAESCU 253

0 Classical

Natrural frequency (Hz
[4)]
Qo
i

450 4 First order
400 )

O Higher order
350

T T T T T 1
0 0.15 0.3 045 06 0.75 09
Normalized delamination length, B

a) First bending natural frequency
4500

S
o
[=2
o
I 1

3500 4

3000

Natural frequency (Hz)

2500 —

2000

4500 —
O Classical

’nT4OOO-E A First order
T
Py o Higher order
€ 3500 9
&
g 4
£ 3000 4
I
2
2 2500

2000 T T

| | I |
0 0.5 03 045 06 075 0.9
Normalized delamination length, B

b) Second bending natural frequency
O Classical
A First order

O Higher order

T T T T T 1
0 015 0.3 045 06 075 0.9

Normalized delamination length, B

c¢) First torsional natural frequency

Fig.8 Variation of natural frequencies with delamination length.

transverse shear effect becomes larger as the delamination length
reduces. This can be explained as follows. For a short delamination
length, the global dynamics of the plate are determined mainly by
the total laminate thickness. Therefore, transverse shear effects are
dominantin these cases. For relatively longer lengths, the dynamics
of each thinner sublaminate become prevalent, thereby reducing the
transverse effect.

Concluding Remarks

A general framework has been developedfor the analysis of smart
composite plates with surface bonded piezoelectric actuators and
sensors in the presence of multiple delaminations. We have used
a refined third-order theory that accurately captures the transverse
shear deformation through the thickness of the smart composite
laminate while satisfying the stress-free boundary conditionson the
free surfaces, including the delaminated regions. The presence of
preexisting single and multiple delaminationsin the composite lam-
inate at the layerinterface has been studied. The following important
observations have been made from this study:

1) The developedtheory correlates well with experimentalresults.

2) Delaminations weaken the primary structure and reduce the
closed-loop control authority.

3) Insignificant changes are observed in classical mode shapes
when the delamination size is very small.

4) Significant changes are observed in the longitudinal strain dis-
tribution due to delamination. This indicates that strain can be a
more effective measure in the detection of a small delamination in
a composite structure.

5) For an undelaminated plate the natural frequencies are over-
predicted by both the classical and the first-ordertheories compared
with the higher-order theory. The deviations increase with plate
thickness.

6) In the presence of delamination the natural frequencies are
overestimatedby both the classical and the first-order theories com-
pared with the higher-order theory, particularly for higher frequen-
cies. The deviations between the theories increase as the delamina-
tion length decreases. This indicates the importance of accurately

modelingthe transverseshear stressesthatare includedin the higher-
order theory.
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